In a series of papers, we have studied units in the modular function field, and in [KL 1] we already mentioned the possibility of investigating their specializations to number fields. On the other hand, SIEGEL [Si] , RAMACHANDRA [Ra] , and especially ROBERT [Ro] have investigated certain units in the complex multiplication case, obtained as values of certain theta functions.
In the present paper, we begin the special case of units in the cyclotomic fields of^-th roots of unity, p prime. For ease of exposition, we separate the results in two parts: p = 1 mod 4 in this part, and p = -1 mod 4 162 D. S. KUBERT AND S. LANG in the next part. We show how the units obtained as values of modular functions (Siegel units) in the cyclotomic field can be expressed in terms of cyclotomic units, by means of an explicit formula. In particular, these modular units are contained in the cyclotomic units.
In paragraph 1, we give general facts and notation. In paragraph 2, we write down a system of linear relations relating the modular units and cyclotomic units by using the decomposition of appropriate L-series. In paragraph 3, we complete these relations for the trivial character. In paragraph 4, we solve for the modular units as power products of the cyclotomic units. This pattern is followed in both parts.
We let K=Q(^/~^p) and H = X(^).
We let p = (^/-p) be the prime ideal in the ring of algebraic integers o^ = o. We let K(l) be the Hilbert class field of K, and K(p) the ray class field of conductor p. This notation applies to both parts.
Part one : /? = -1 mod 4
General facts
We assume p •=.
-\ mod 4 and p ^ 5. Then K c Q (^p) = H. If a e o and a = 1 mod p, then N a = 1 modp, so H is contained in the ray class field K(p).
Proof. -Let a be an ideal of K prime to p. It suffices to show that if (a,K) fixes Q (^) and K(l), then (a, K) fixes ^(p). Since (a,K) fixes K(l), it follows that a is principal, a = (a). Since (a, K) fixes H, it follows that a = ± 1 mod p, so a is in the unit class for K(p), as was to be shown.
We let Cl (ff/K) be the ideal class group isomorphic to Gal (H/K) under the reciprocity law mapping
C\->ac or a(C).
Observe that all non-trivial characters of Gal (H/K) w Cl (H/K) are primitive, with conductor p, because H is totally ramified over K at p.
The extensions H and K(l) of K are linearly disjoint over K because H is totally ramified at p. Thre is a natural identification
Gfil(HIK) w GSL\(K(P)/K(I))
Under the class field theoretic isomorphism between ideal classjgroups and Galois groups, we have a commutative diagram:
The arrow on top is the correspondence'Cl-^ac, arising from the above field diagram. The ideal classes of Cl (HIK) are precisely the principal ideal classes, modulo those generated by elements =. 1 mod p. This gives rise to the vertical arrov/ on the left.
The bottom arrow is induced by the norm^map. Taking into account the natural isomorphism o(p)»Z(p), the norm map amounts to the squaring map x h-» x 2 . The right vertical arrow arises from the usual correspondence between elements of Z(>)* and Gal(J7/Q):
The elements a corresponding to elements of Gal (H/K) are precisely the squares. Consequently an ideal class C e Cl (H/K) corresponds uniquely to an element ae Z (^)* 2 , and we shall write this correspondence as
C^a.
Let 5C be a non-trivial character of Gal (HIK). The induced character to Gal (HIQ) is the direct sum of two characters /i, ^?
wt^ one °^ them odd, the other even. Say ^ is odd. These are the two characters of Gal (HIQ) restricting to % on Gal (H/K). If C contains a principal ideal (t), then xCQ^a^xiO 2 )^^2). We have the L-series decomposition (cf.
and also 
for any C' lying above C under the canonical homomorphism
These are the invariants defined by RAMACHANDRA and ROBERT [Ro] , paragraphs 2.2 and 2.4 (ROBERT uses the letter (p where we use g). See Iso the last section of [KL 1].
From the Kronecker limit formula one obtains the value of the L-series in L 4 at s = 1, as in MEYER [Me] , SIEGEL [Si] .
We have used the usual notation: w^ (p) = number of roots of unity in K which are =. 1 mod p. Since we took p ^ 5, it follows that w^ (p) = 1; dj^ = p = absolute value of the discriminant of K; SK (x) is the Gauss sum relative to K, that iŝ
For the proof see also [L 4] (chapter 22, § 2, Theorem 2). In the notation of that chapter, we take y = 1/p, and b = (^/-p), so bp = (p). Furthermore, for any character ^ we have
Indeed, C contains principal ideals (0, and ^ s 7 mod p. Finally, as explained in the last section of [KL I], we have
These remarks show how the formula in the above reference imply the formula as stated here.
From the values of the L-series at 1, and the factorization L 3, we find the following Lemma.
/P
We note that^(
and therefore
As a special case of the Davenport-Hasse relation (cf. for instance [LI] , Chapter 2, § 10), we have 
The relations for all characters
We now restate the linear relations, including the trivial character. 
The statement for non-trivial % has been proved, so we suppose that 3c is trivial. Then: The Theorem follows from the obvious value for the sum E» log 11-^|= log p.
Modular units as cyclotomic units
For any element u in K* we consider the regulator map p given by We shall take u = ga (C\), and take into account the fact that g^c^^cc).
We may write P(^(Ci)) = Sc log | gff(C) | ac 1 = E.log | gn(C^ \ a; On the other hand applying % to the right hand side of the formula to be proved, we find: 
The notation is standard: we denote by Bi the first Bernoulli polynomial,
For any real number r, we let < r > be the unique number satisfying r=<r>modZ and 0^<r><l.
Remark. -If we write c (1) = T|£() with So = ± I? and T| e |Xp, then eCrf)^ £o-The numbers gg (C) are /?-units, and their quotients §H<iQlgH(C), are units (RAMACHANDRA and ROBERT). Let:
p. H = (s) ? = group generated by all values gn (C) and [IQ; Ojj = 0 = group generated all quotients gs (C)|g^ (C') and n^; p (^a) = group of^-units of the form;
IWo"ŵ here the exponents n (C) satisfy the condition c n (C) N a (C) = 0 mod Wg, where a (C) is any ideal prime to WH in the class C, and Wg = 2p is the number of roots of unity in H. In the present case, we can write these units in the form rwcj^ = n^w^ad-^)- An element of 0^ jj lies in <S>s 1^ and only if, the exponents n (C) satisfy 1X0=0. We have also given a proof in the present instance for Robert's result that the elements of 0 (wjj) (or Op (w^)) are 12 7?-th powers in H. As in ROBERT [Ro] , this allows us to take 12^-roots, and we define: Ep^cyc == group generated by \in and by the cyclotomic /?-units ^-1, with&eZO?)* 2 ; p, mod = group generated by [IH and all elements a e H such that oc^e^O^). We define E^ and £mod ln a similar way, taking the elements of degree 0 to get units instead of/?-units. We call the groups Ep^^ or E^^ the groups of modular p-units or modular units respectively. The latter could also be called the group of Robert units. For any element a ^ 0 of H, we let P^^EaeGloglaaja" 1 ,
where G w Z (p)* 2 is the Galois group of H over K. Thus p is the usual /regulator" map. Then
.cyc/^.mod ^ P(^,cyc)/P(^,mod). Consequently we obtain an isomorphism. Remark. -For the record, it may be useful to have the expression of the cyclotomic units as rational power products of the modular units. In Theorem 4.1, we apply a character %, divide by -6pB^^^ and sum over 7. We find:
Therefore, we have the following Theorem.
THEOREM 4.4^g
In multiplicative notation, up to a root of unity, this yields
Part two: p = 1 mod 4 1. General facts As before, we have the following Theorem.
The proof is similar and can be omitted. We let K* == Q (^/p). We let w^ ..Q
Note that K(i) is unramified over K (because only 2 can ramify, and K(i) is also obtained by adjoining ^/p to K). Thus K(i) = K(\) n A"((ip), and we denote K(i)=Hi=HnK(l).
We have a diagram similar to the other case.
Cl(H/fii)A.Gal(ff/Hi) I Î w^w Let % be a character on Gal (H/K). We denote by %Q the corresponding character on the isomorphic group Gal (Q (Up)/Q), and also view %Q as a character on Z (/»)* under the usual isomorphism. where ^Q is the other character on Z(4/?)* restricting to %. A priori, we do not know which of ^Q or ^ is even or odd, and we use again ^, t o denote the odd and even characters respectively equal to %o or %Q. In the specific determination of the values of the Z-series, we shall have to distinguish corresponding cases. We have 
WP
We now simplify the Gauss sums and their products. Proof. -This is a special case of the Davenport-Hasse distribution relation (cf. for instance [L I], chapter 2, § 10).
In the present case, we have from the prime power decomposition (with respect to the primes p and 2), We must then distinguish two cases.
Case 1: XQ = X2--The expression in Lemma 2.3 is then equal to -3^^(2)Bi,^^ezwXQWlog|l-^|. 
If c is an ideal in the class C, and a = N c, we also put c=a.
Then we may also write the above relation in the form:
Remark 1. -The expression in brackets [ ] in the definition of m(b) is always 1/2 or -1/2. The product is taken over all b in Z (/?)*. Consequently combining the values for w (6) and m (-fc), we see that the factor involving w (6) already gives an integral representation in terms of the cyclotomic numbers 1-^. A similar remark applies to the factor involving r(b). As before, considering the subgroup generated by the SH (^) satisfying the Robert congruence conditions on the exponents shows that elements of this subgroup have p-ih roots in the cyclotomic units.
Remark 2. -The factor (a/p) in front of r (ba~1) in the formula arises from the Galois action on the 4-th roots of unity.
Proof of Theorem 4.1. -We apply an arbitrary character ^Q, to the expression on the right hand side (RHS) of the regulator relation to be proved, and verify that it gives the desired value from paragraphs 2 and 3
Suppose first that ^Q is even. The sum over the terms containing r (ba~1) will be 0, because a\-> %Q (a) is even, and is the sum defining the Bernoulli-Leopoldt number at level 4p with respect to the character %g %^. If ^Q ^: 5^, then /Q %K h^ conductor 4p, and we get the desired value corresponding to Lemma 2.3.
If ^Q = %^,, then this Bernoulli number is 0 (corresponding to the value found in paragraph). Indeed, the standard reduction for computing Bernoulli numbers from one level to a lower level with one fewer prime factor introduces the factor 1-XQ(P)X2C ( Wf^loglZWi. \^/ It now suffices to verify that S^ is equal to the sum in brackets in case 2 of Lemma 2.3, namely we must shoŵ =LeZ(4p)*X2(010g|l^l.
